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EQUIVARIANT MORSE THEORY
AND CLOSED GEODESICS

N. HINGSTON

In this paper we use the equivariant Morse theory to investigate the
existence of closed geodesics on simply connected compact Riemannian mani-
folds, particularly the simply connected compact rank 1 symmetric spaces
(CROSS’s) S”, CP", HP", CaP*.

In §5 we show the existence of at least g(A, n) “short” closed geodesics
without self-intersection on a homotopy CROSS sufficiently close to the
standard metric, where g(A, n) is the cuplength of the space of unpara-
meterized geodesics on the standard CROSS. In the nondegenerate case there
will be A(A + Da(n + 1)/4(A = 1,2,4,8).

In § we prove that if M is a simply connected compact Riemannian
manifold with the rational homotopy type of a CROSS and if all closed
geodesics on M are hyperbolic, then the number of distinct closed geodesics of
length </ on M grows at least like the prime numbers.

Birkhoff gave a proof of the existence of at least one closed geodesic on an
n-sphere in 1927. In 1929 Lusternik and Schnirelmann claimed the existence of
three closed geodesics without self-intersection for any metric on a 2-sphere.
The proof however was only completed recently by Ballmann. The geodesics of
these theorems are obtained by shortening deformations of the great and small
“circles” on a sphere; such geodesics can be considered “short”. The generali-
zation to higher dimensional spheres was attempted by Alber, who gave a
proof of the existence of g(n) closed geodesics on an n-sphere, where g(n) is
the cuplength of the Grassmannian G(2, n + 1). But Ballmann found a mis-
take in Alber’s proof. Ballmann, Thorbergsson and Ziller (j11], [12]), Anosov
{2] and the author [28] independently gave complete proofs of versions of
Alber’s theorem. In the nondegenerate case one obtains n((n + 1)/2) closed
geodesics on a sphere. Morse [37] showed that the latter number is optimal
with the example of an ellipsoid with unequal axes. While such an ellipsoid will
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always have an infinite number of closed geodesics, for axes sufficiently close
to 1 only n(n + 1)/2 will have length less than any given number greater than
27,

One of the most important methods in the theory of closed geodesics has
been the Morse theory on some version of the space A of closed curves on a
manifold M. The critical points of the energy function on A are the closed
geodesics. However the “iterates” of a closed geodesic, which should be
considered as geometrically the same, appear as separate critical points of the
energy function. The theorem of Bott [12] on the index of these iterates paved
the way for the theorem of Gromoll and Meyer [26]: If M is a simply
connected compact Riemannian manifold and if the rational Betti numbers of
A are unbounded, then M has infinitely many (geometrically distinct) closed
geodesics. Klingenberg showed that the same is true if the Betti numbers for
any prime field are unbounded. The question of which manifolds satisfy the
conditions of the theory of Gromoll and Meyer was settled by Sullivan and
Vigué-Poirrier: They showed that if M is compact simply connected the
rational Betti numbers of A are unbounded if and only if H*(M; Q) is not a
truncated polynomial ring in one generator. Among the manifolds not covered
by the theorem are the CROSS’s and certain symmetric spaces of rank > 1.
Ziller {48] has proved that for rank > 1 the Z, Betti numbers of A are
unbounded.

On the other hand a form of the “Birkhoff-Lewis fixed point theorem”,
proved by Moser [38], implies the existence of infinitely many closed geodesics
near a generic nonhyperbolic geodesic. While we know of no example of a
metric on any compact simply connected Riemannian manifold with all
geodesics hyperbolic, the theorem of §6 does complete the proof of the generic
existence of infinitely many closed geodesics on manifolds with these homo-
topy types. (See also [24] which shows that hyperbolic geodesics are more
prevalent than had previously been suspected.) Note that a version of the
theorem of Sullivan and Vigué-Poirrier for prime fields would complete the
proof of the generic existence of infinitely many closed geodesics for simply
connected compact Riemannian manifolds.

Klingenberg has given proofs of the generic existence of infinitely many
closed geodesics and of the existence of infinitely many closed geodesics on a
compact Riemannian manifold. However these proofs depend upon the “di-
visibility lemma” which is controversial.

Many of the mistakes in the history of closed geodesics stem from the fact
that at some point it seems impossible to gain more information from the
Morse theory on A without dividing out by the natural O(2)-action: one would
like to deal with the “unparameterized” closed curves. But the group action is
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not free and the quotient space of A by the group action has singularities.

In his attempt to calculate the “circular connectivities” of a sphere, i.c. the
Z, Betti numbers of the quotient of AS” by the O(2)-action, Morse made a
mistake which was later repeated by Bott and others and finally caught by A.
S. Svarc. The problem was the fact that the group action is not free. The Z,
cohomology of the quotient has still not to our knowledge been computed
despite many attempts; however it appears to have infinitely many generators
in most dimensions! In §4.3 we calculate for the s.c. CROSS’s what we would
like to propose as a new candidate for the title “circular connectives”: the
mod 2 equivariant cohomology of A for the group O(2).

The equivariant Morse theory has been used by Atiyah and Bott [3] in their
work on the Yang Mills equations. The idea is this: Given a group action on a
manifold X which leaves a differentiable function invariant one would like to
“divide out” by the action. But if the group action is not free the quotient will
have singularities. To resolve these singularities one looks instead at the
homotopy quotient of Borel. The equivariant Morse theory is then the Morse
theory on the homotopy quotient or, equivalently, the Morse theory on the
space X itself with the equivariant cohomology replacing ordinary cohomology.
All the standard theorems and (recent) proofs of Morse theory carry over to
the equivariant case.

§1 deals with some well-known facts about equivariant cohomology and
methods of computation. In §2 the equivariant Morse theory is introduced;
topological implications are discussed. In §3 we outline the usual facts about
Morse theory on the Sobolev space H'[S', M] and give an elementary proof of
an equivariant version of Palais’ theorem to the effect that H'[S', M] has the
weak homotopy type of the space of continuous closed curves. §4 contains
computations for CROSS’s. This paper was written with a reader in mind who
is more familiar with the geometry involved than the topology.

The author knows no words sufficient to thank her teacher, R. Bott, who
was a constant source of inspiration and who suggested applying this technique
to the problem of closed geodesics. T. Goodwillie, T. Parker, M. Wang and W.
Ziller provided many helpful discussions and suggestions. Some of these results
appeared in the author’s thesis [28].

1. Equivariant cohomology

1.1 Preliminaries. Let G be a locally compact Lie group. A G-space is a
topological space X with a continuous G-action. We shall also assume that the
action of G is proper, i.e., G X X - X X X by (g, x) = (gx, x) is a proper
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map. This ensures that, if X is Hausdorff [16]:
(1) The stability subgroup H, of a point x € X is compact.

(ii) The orbit G ¢ x of x in X is closed.

(iii) The orbit space G /X is Hausdorff in the quotient topology.

Proper group actions have many of the properties of compact group actions
since we are guaranteed the existence of a slice; see [39].

A G-map from a G-space X to a G-space Y is a continuous map ¢ with
¢g = g¢ for all g in G. If 4 is a category of topological spaces whose
morphisms are continuous maps, we can form the category 4,: An object in
Ag is a space X in 4 together with a continuous G-action so that g: X » Xisa
morphism of 4 for all g in G. The morphisms of 4 are the G-maps of 4. A
G-object or morphism will mean “in the category A4;”, e.g. G-manifold,
G-diffeomorphism, G-homotopy equivalence.

A G-manifold will be a differentiable (possibly infinite dimensional) para-
compact Hausdorff manifold M with a continuous G-action so that g: M - M
is differentiable for all g € G. (Differentiable will mean sufficiently smooth,
e.g. C*.) Note that if M is a locally compact G-manifold then the G-action
G X M - M is differentiable; see [9], [39].

If M is such a manifold with a free G-action, i.e. gx  x for g # 1, then the
projection M - G\ M is a smooth fibration and G\ M is also a manifold.
However if the action is not free, G\ M will in general have singularities. In
order to “resolve” these singularities we will use the homotopy quotient of
Borel.

If X and Y are G-spaces we denote by X X Y the quotient of X X Y by the
diagonal G-action, with the quotient topology. There are natural projections
from X X ;Y to G\ X and G\Y; the inverse image of the orbit Go x € G\ X
is identified with H \ 'Y, with H_ C G the stability group of x.

1.2 Classifying spaces (see [10], [301). A wunmiversal G-bundle is a principal
G-bundle whose total space EG is contractible. The base space BG = G\ EG is
a classifying space for G. Such bundles always exist; BG is unique up to
homotopy type in the category of CW complexes.

For example, if G is discrete an Eilenberg-Maclane space K(G; 1) is a BG. If
G is embedded in GL(#; k) with £ = R or C then

F,(n, ) = {ordered n-frames in k*}

is the total space of a universal G-bundle. If FR(n, o0) is the space of
orthonormal n-frames then the Grassmannian G (7, ) = O(n)\ Fg(n, o) of
n-planes in R® is a classifying space for the orthogonal group O(n).

The classifying property of BG is the following: If E is a principal G-bundle
over a paracompact base B, then there is a map «: B — BG so that «*(EG) = E
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and thus a correspondence

{ Equivalence classes of } ., | Homotopy classes of
G-bundles over B maps B - BG ’

For example if B” is a manifold embedded in R® and if a: B — Gy(n, )
gives the usual identification of the tangent space to B at a point with a linear
subspace of R®, then «a is a classifying map for the orthonormal frame bundle
associated to the tangent bundle 7B of B, and

TB = o*( Fy(n, ) XO(,.)R")-

If y: G - G’ is a continuous homomorphism, then we can form the principal
G’-bundle
EG X;G - BG,
where G acts on G’ by y. By the above this bundle is the pull-back of EG’
under a map I': BG —» BG’. Thus a map y: G —» G’ induces a map G (up to
homotopy) so that

EG X ;G'———EG’

! !

is a pull-back diagram. In fact Milnor has shown {34] that any principal
G’-bundle over BG is'induced by a map G - G’.
1.3 The Homotopy quotient (see [10], [29]). If X is a G-space the homotopy
quotient of X is defined by
X, = X X EG.

X, is the “universal G-bundle with fiber X . Associated to X; is the mixing
diagram:
X+— XX EG——EG

! ! |

G\ X X, BG

m s}

The projection m: X; — G\ X can be thought of as sort of “blow-up” in the
sense of homotopy of the singularities which occur in G\ X when the action of
G is not free. If X is a G-manifold with G X X — X differentiable and we have
a G-manifold for EG, then 7,: X; — BG is a smooth fibration with fiber X and
X, is a manifold. Moreover 7, is a weak homotopy equivalence whenever the
action is free. Note that if x € X, #7(G o x) ~ H)\ EG with H, the stability
group of x. Thus 7;1(G o x) has the homotopy type of the classifying space BH..
If H, is trivial, 77 (G o x) has the homotopy type of a point.
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As an example consider the group G = Z, acting on R? by reflection about
the origin. Let EG = §* with G acting by the antipodal map. The inverse
image 7 (G © x) of a general point in G\ X is EG (a point in homotopy!) The
inverse image under 7, of the orbit of the origin is the projective space RP*.

Another way to view the homotopy quotient is this: X X EG is a space with
the homotopy type of X on which we have a free G-action reflecting the
G-action on X. Without changing the homotopy type of G, we have “made G
act freely”. The homotopy quotient is the quotient of X X EG by this free
action.

If X and Y are G-spaces and ¢: X — Y a G-map, then ¢ Xid: XX EG->Y
X EG descends to a continuous map

O Xg = Y5-
Thus X — X; is a functor from the category of G-spaces and G-maps to that of
topological spaces and continuous maps. If ¢ is a G-homotopy equivalence,
then ¢, is a homotopy equivalence.

If Xis a G’-space and y: G - G’ a homomorphism, then X is also, by v, a
G-space. It is easy to see that the homotopy quotient X; is the bundle over BG
given by the pullback of the bundle X, — BG’ over the map I' induced by v:

Xo—— X,

!,

BG———;—» BG’

1.4 Equivariant cohomology (see [10], [29]). If X is a G-space the equi-
variant cohomology of X is defined by

(*) HE(X) = H*(X;).

H} satisfies by definition the exactness, homotopy and excision axioms for
cohomology theories but not the dimension axiom: If we consider a point as a
trivial G-space then

Hg(pt.) = HX(BG).

H} is a functor from G-spaces to H*( BG)-modules. The structure of H%( X)
as an H*(BG)-module is given from the cohomology theory point of view (left
hand side of (*)) by the G-map

X = pt.
and from the homotopy quotient point of view (right hand side of (*)) by the
map
m: X = BG.
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A homomorphism y: G —» G’ gives naturally, as we have seen, a functor
from G’-spaces to G-spaces and maps X; - X, and BG — BG'. The induced
maps HE — Hf and H*(BG') - H*(BG) are compatible with the module
structure.

1.5 G-vector bundles. A G-vector bundle over a G-manifold M is a G-space
V which is a (differentiable) vector bundle over M and so that g: ¥V = Vis a
vector bundle map; i.e. g preserves and is linear on the fibers. The G-map
V — M induces the vector bundle V; — M. For example the tangent bundle
TM of a G-manifold M is naturally a G-vector bundle; if gx =y (g € G;
x, y € M) then g: T,M - T M is the derivative of the map g: M > M. If G
acts by isometries then V'is a G-Riemannian vector bundle.

If V- M is a G-vector bundle the restriction of ¥ to an orbit G o x is a
G-vector bundle over G ¢ x = G/H,. Now let H be a compact subgroup of G
and consider a G-vector bundle ¥V - G/H. The action of H on V gives a
representation of H on the fiber F over the identity coset in G/H. Since the
G-action gives a trivialization of the pullback of ¥ under the map G - G/H
this representation determines the bundle V' - G/H uniquely. Thus we have a
1-1 correspondence

G-vector bundles | Representations
over G/H of H )

The inclusions H — G and F — V induce isomorphisms:

FH_____:__> Vs

l l

BH = (pt.)y —— (G/H)g

The bundle F;, - BH is the canonical bundle over BH associated to the
representation of H on F.

If ¥V —» M is a real G-orientable Riemannian vector bundle (if G is connected
this simply means that ¥ is orientable; otherwise we must insist also that G
preserve the orientation) we have the Thom isomorphism

HE(DV,SV) = HENM),

where D and S denote the disk and sphere bundles and A is the dimension of
V. This follows from the standard Thom isomorphism since the bundle
V; — M, will be orientable precisely when ¥ is G-orientable.

1.6 Examples and technigues. The Serre spectral sequence for the fibration
M. — BG with fiber M allows one to compute HZ(M) in many cases; often
the spectral sequence also gives information about the structure of HE(M) as
an H*( BG)-module. We mention some standard results.
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If S' = SO(2) is the circle group then '\ §° = CP> is a BS' and
H*(BS') = Z[w],
the polynomial ring on a generator in dimension 2. The map v,: S' - S' by
Y,(g) = g™ induces T*: H*(BS') » H*(BS') by w > mw.

Let Z, be the cyclic group of order n. Embedding Z, in S' we see that the

lens space Z,,.5* is a BZ,,. We have

H*(BZ,) = Z[w]/nw = 0.
In particular if » divides m the inclusions Z, - Z,, — S' induce surjections
H*(BS') > H*(BZ,) - H*(BZ,).

The Euler class of the canonical bundle over BZ, corresponding to the
2-dimensional representation with eigenvalues e *”"”/" is m-times a generator
of HXBZ,) =17,

H*(BZ,) can be computed from a free resolution of Z[Z,]. The compu-
tation works as well for any local coefficient system on BZ, given as a
Z[Z ,]-module. If X is a Z,-space the Z[Z }-module C*(X) gives the local
coefficient system for the fibration X, — BZ,. In particular there is a spectral
sequence converging to H*( Xz ) with E{7 = C7( X) and differentials

d: Ef? - E{%"'  the ordinary differential C%( X) - C7'( X),
8: Ef9 > Ef™7 themap CYX) - C% X) induced by

(1-1) (p even),
(1+¢+---+e7") (podd),

where ¢ is a generator of Z,,.

For example let ¢ be an orthononal representation of Z, on R* whose
associated Z,-bundle ¥ — pt. is nor orientable, i.e. det o(r) = —1. Then » is
even; taking the d-cohomology H;(DV, V') which has E, term = 0 except in
the row ¢ = A, In this row we have (setting t = —1)

2-7-Z-Z— ---.
2 0 2

Thus

Hy(DV,SV) = [Zz’ A <jandA 7 odd,
. 0, otherwise.
If O(n) is the orthogonal group then
H*(BO(n);Z,) = Zy[wy,...,w,],
where w; in dimension i is the /th Steifel-Whitney class.
Haefliger [27] has shown that one can use Sullivan theory to compute
HX(T'; Q), where I" is the space of continuous sections of a G-fiber bundle.
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Sullivan and Vigue-Poirrier [45] investigated the following example: Let G = S
and consider the S'-bundle S! X M — S!, where M is a manifold and S' acts
trivially on M. Then T is the space of continuous maps from S' to M with S!
acting by a change of parameter. If M = S?"*! m >0, then HXT) has
minimal model Q[c] ® A(x, X) withdegc =2, 2m+ 1 =degx =degx + 1
and dc = 0, dx = —cx, dx = 0. Thus

HE(T; Q) = Q[c, X]/ex.

When G is discrete an FEilenberg-Maclane space K(G,1) is a BG and
H*(BG) is the Filenberg-Maclane cohomology of G which is computed alge-
braically from a free resolution [17). The analog for a topological group is a
semi-simplicial construction. A semi-simplicial space (which corresponds to a
free resolution when G is discrete) is constructed whose geometric realization is
a BG (or X, for a G-space X); the cohomology of this semi-simplicial space is
that of BG (or X;;), [34], [35], [14].

2. Equivariant Morse theory

Using the Morse theory one gains information about the topology of a
manifold by studying the critical points of an appropriate function or, working
backward, deduces information about the critical set of a function on a
manifold from the topology. Often such problems come equipped with a
“Dbuilt-in” symmetry in the form of a group action on the manifold which
leaves the function invariant; one would like to divide out by the group action.
There is ample evidence that this is not always a good idea in the long history
of mistaken proofs in the subject of closed geodesics. An alternative is the
equivariant Morse theory. This can be thought of as the usual Morse theory on
the homotopy quotient of the given manifold, or as the Morse theory on the
manifold itself using the functor HE rather than H*. While we always have the
first point of view in mind, the second has technical advantages. As many
authors have noted, cf. [25], [46], the usual proofs of the standard theorems of
Morse theory are also valid in the equivariant category. The first part of this
section is devoted to statements of these theorems.

2.1 Statement of the theorems in the equivariant context. The customary
set-up for the Morse theory on Hilbert manifolds starts with a complete
Hilbert manifold M with a differentiable function satisfying condition (C) of
Palais and Smale [40]. In the equivariant setting for a Lie group G this means:
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M is a complete G-Riemannian manifold equipped with a G-invariant differen-
tiable function f, The appropriate form of condition (C) is

(C5) Let {x,} be a sequence of points in M so that f(x,) is bounded, and
| vf(x,)| converges to 0. Then {x,} contains a subsequence whose image in
G\ M converges.

If G is the trivial group this is condition (C).

We shall also assume that f satisfies a regularity condition: If x € M is a
critical point then G — G o x is differentiable. The orbit of x will then be an
embedded submanifold.

Condition (Cg) is used in two ways: First it implies that if K C M is the set
of critical points of f and a, b € R, then the image of f ![a, b] N Kin G\ M is
compact; second it ensures that | vf| will be bounded away from 0 on the
complement of any neighborhood of K in f ~'[a, b].

Let M be a complete G Riemannian manifold and let f be a differentiable
G-function satisfying (Cy).

Theorem A. If[a,b] contains no critical values then M is G-diffeomorphic to
M-,

The proof is by pushing M? down to M* along - V. (See Palais [40]; the
proof is still valid if one puts a G- front of every third word as are the proofs
cited below.)

Let A C M be a critical manifold of f, i.e. a submanifold of M consisting of
critical points. The symmetric bilinear Hessian form Hf is defined on the
normal bundle N(A4) to A in M; see Meyer [36]. A is nondegenerate if the
selfadjoint operator S, given by

<S0ux, Ux>: %Hf(u)m Ux)

is invertible (as bounded operator) on N, (A4) for each x € A. If A is nondegen-
erate and x is the characteristic function of [0, 00) then P = x(§;) is a
G-orthogonal bundle projection. We define the negative and positive bundles
of A by

N-(4) = (1 — P)N(4); N*(4) = PN(A).

The index of A is the dimension of N7(A4). It follows from (C;) that
nondegenerate critical manifolds are isolated and that if the critical manifolds
are isolated and that if the critical set K of f consists entirely of such manifolds,
then the critical manifolds of f are isolated.

Let E, E’ be G-Riemannian vector bundles over a manifold B. Then
DE & DE’ is a handle-bundle of type (E, E’).

Theorem B. Let M be a complete G-Riemannian manifold and let f be a
differentiable G-invariant function satisfying (Cg). If [a,b] contains one critical
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value ¢ € (a, b), and if K N f~Y(c) is a union of nondegenerate critical G-mani-
folds A;, then MP® is G-diffeomorphic to M® with the handle-bundles (N*
(A4,), N™(A,)) disjointly attached along DN" (A;) ® SN (A,).

For the proof see Palais [40] and Wassermann [46].

Next we turn to the case of isolated degenerate critical manifolds. That is,
we consider submanifolds 4; of M having neighborhoods U, with U, N K = 4,,
but now with no restriction on the Hessian form.

In the equivariant theory we have the analog of the local invariants of
Gromoll-Meyer and an equivariant version of the splitting theorem; see
Gromoll and Meyer [25]. For our purposes we need only the following version
of the principle of subordinated homology classes:

Theorem C. If [a,b] contains one critical value ¢ € (a, b), if KN\ f~(c)isa
union of isolated critical G-manifolds A;, and if u € Hg( M) satisfies u, = 0 for
each i, then

Nu: Hz(M®, M®) > Hz.(M?, M?)
is the zero map.

Proof. By the usual arguments, for any G-neighborhood U of U 4; there is
an £ >0 so that Hy(U, US™%) » Hz( M®, M) is surjective. The latter is
naturally isomorphic to Hg.(M?, M?). Thus the above cap product factors
through

ﬂ (ulu): HG*(U’ UC—E) 4 HGx(U, UC_E).

2.2 Topological implications; nondegenerate case. Using Theorems A, B
and C one can hope to calculate H¥( M) once the structure of the critical point
set of an appropriate function is known. Suppose M is a complete G-Rieman-
nian manifold and that f is a G-function satisfying (C;). From Theorem A it
follows that if [a, b] contains no critical values, then

H%(MP, M*) =0.
Now suppose the hypotheses of Theorem B are met: [a, b] contains one critical
value ¢ € (a, b) and K N f~'(¢) is a union of nondegenerate critical manifolds

A;. Let DN~(4,) be the closed disk bundle of the negative bundle over 4,.
Then

Hz(M*, M%) = D HE(DN~(4,), SN~(4,)).
If all the bundles N ~(4,) are G-orientable and G\ 4, is connected, then the
Thom isomorphism yields
HE (M, M®) = ®HE™(4,),

where A, is the index of 4,.
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Now when G is the trivial group one can look for nondegenerate critical
points. In general the best that one can hope to find is nondegenerate critical
orbits. Suppose x € M and the orbit G ¢ x is a nondegenerate critical mani-
fold. We call this the nondegenerate case as the Hessian form has the minimum
degeneracy required by the G-structure. Let H = H_ be the stability group of
x. Then :

H%(DN~(G o x), SN (G x)) = H¥(DV;, SV;),
where V; = (N7(G ° x)); is the canonical bundle over BH determined by the
representation of H on the fiber of N °(G o x). If N~ is G-orientable then
Hi(DN(Gox),SN™(Gox))=H*BH).

If the critical set K consists entirely of nondegenerate critical manifolds, then
by (C;) we can find an increasing sequence {a;} € R with no limit points so
that [a,, a,, ] contains one (interior) critical value. If we know the structure of

each negative bundle N °(A4) and thus HE(M*+!, M*“7), we can hope to recover
the equivariant cohomology of M via the long exact sequences

(*) e _)Hé(Mﬂi+1’ Mai) _)HC./’;(MGH-I)
] 9 ;
_)Hé(Mai) _)H(J;+1(Mai+l, Mai) - e

Thus inductively if we know HX(M?) (e.g. if f is bounded below) and can
recover the boundary maps 9 then, at least for coefficients in a field &, we can
determine the k-module HE(M“+1).

We define the Poincare series for a field k by

Py(M; k,t) = Y, Rank HL(M; k)t/
J

and the Morse series by
M M; f, k,t) = X P;(DN~(4,), SN(4,)),
where A, ranges over the (nondegenerate) critical manifolds of M. If each
N~(A4,)is G-orientable then
MAM; f,k,t) = XtMP(A; k. t).
In particular in the nondegenerate case the contribution of a critical orbit to the

Morse series is the Poincare series of the classifying space of the stability group
“ jacked up” by the index t*. The Morse inequalities, which are a direct result
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of the long exact sequences (*), can be stated as follows [11]:

Let f be bounded below. Then there is a series Q(¢) with
nonnegative integer coefficients so that

Me(M; fok,t) = Pe(M; k, t) + (14 2)Q(¢).

If Q(¢) =0, then f is called a perfect Morse function (for the field k). This
means that the boundary maps of () are all trivial; for each i, J,

HE(M@; k) = Hi(M*; k) © HE(M**, M5 k)

and there is no “cancelling out™ of the cohomology of one critical set with that
of another. In this case f has the “minimal critical set” (i.e. the smallest Morse
series) prescribed by the topology of M (i.e. by the Poincare series).

Now the Morse inequalities reflect the information contained in the long
exact sequences (*) when H is considered as a functor to k-modules. In the
equivariant case we actually have much more information, since the boundary
maps

9: HE(M%) > HETY( Mo+, M%)

are H*(BG)-module maps. This is important in practice as H(M %) is likely
to have infinitely many generators as a k-module, but will be a finitely
generated H*( BG)-module if H*(M“/) has finite rank.

2.3 Completing manifolds and self-completing bundles. If one can find
G-completing manifolds for the critical manifolds 4 then the boundary maps
must vanish. A G-completing manifold for 4 is a G-submanifold B of M
satisfying:

(i) A C B as a submanifold of codim A = index 4,

(i) fip— 4 < f(A),

(iii) HX(B, B/™~¢) ~ HX(B) is injective for all & > 0.

(The third condition will be satisfied e.g., if there is a map B — A consistent
with the inclusion 4 — B giving B as a G-fibration over 4 whose fiber is a G-
and =,( 4)-orientable manifold.)

Proof. Suppose for simplicity that f(4) = 0 and K N f ~(0) = 4. Commuta-
tivity of the diagram

a3
HE (M ™) ——— Hg (M, M™*) —— Hg(M*)

H(B, B5)——— H}(B)

implies that the boundary map 9 is zero.



98 N. HINGSTON

The notion of completing manifolds goes back to Morse [37]. In the
equivariant situation one encounters the phenomenon of self-completing bun-
dles (see Atiyah-Bott [3]). First note that the above argument also works for a
manifold B with boundary if 9B N A = @ ; however in this case (iii) will never
hold if A is finite dimensional in the ordinary Morse theory (trivial G). Let
B = DN~ (A). Then B¢ = SN~ (A); if N°(4) is G-orientable the Thom iso-
morphism identifies the map (iii) with the map

Ux: HiN(A4) » HE(4)
by multiplication with the Euler class x € H}(A4) of the bundle (N (4)); -
A. Thus if multiplication with x is injective on H(A4), the boundary maps 9
must be trivial, no matter how the negative bundle N °(4) is “attached”! We
call N7(4) a G-self-completing bundle.

For example put G = S'; let A = S'/Z,. If V - A is the bundle given by a
representation with eigenvalues e =2"™/” for m prime to #, then V is §’-self-
completing for Z , coefficients.

2.4 Topological implications; degenerate case. In the degenerate case Luster-
nik-Schnirelmann theory allows one to use the homology of M to predict
critical points. If G is trivial and the critical set K of f consists entirely of
nondegenerate critical points, then the Morse inequalities imply that the
number of critical points of f is bounded below by the sum of the Betti
numbers P(M; k, 1) for any field £. On the other hand an isolated degenerate
critical point (e.g. a monkey’s saddle) can contribute more than 1 to P(M; k, 1).
Theorem C is the analog in the equivariant theory of the principle of sub-
ordinated homology classes, which in the ordinary Morse theory gives a
correspondence between subordinated homology classes and distinct (possibly
degenerate) critical points.

For our purposes the Birkhoff minimax principle can be stated as follows
(Klingenberg [32)).

Let f be a G-differentiable function on a complete G-Riemannian manifold
M, satisfying (C;). Let @, b € R and suppose that f has no critical values in
(a, a + €] for some & > 0. Let wy € Hz.(M®, M?) be a nontrivial homology
class. Put

k(wp) = Inf  Sup f(p),

WEW p & Image(w)

where w ranges over the repesentatives of the class wy. Then k(w,) > a, and
k(wy) is a critical value of f.

Suppose f is bounded below on M and that the critical set K of f consists of a
union of isolated critical orbits. It follows from Theorem C that if w,w, €
Hg(M; k) with w, = w, N x, dim x > 0, (i.e. w, is subordinate to w,) and if
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xIan-l(K(WZ)) =0, then x(w;) <x(w,). Under these conditions w, and w,
produce distinct critical orbits by the minimax construction. Note however that
if f7'(k(w,)) contains a critical point with nontrivial stability group, then
K N f7'(k(w,)) is likely to have a large cuplength.

2.5 The fixed point set of a normal subgroup. Let M be a complete
G-Riemannian manifold. Let H C G be a normal subgroup and let M7 C M
be the fixed point set of H. Since H is normal, M* is a G-space. If x € M
then the action of G induces an orthogonal representation of H on the tangent
space T (M). Put

THM)={veT(M)|hw=v VheH]}.
M* is a closed geodesic G-submanifold of M. Moreover it is clear that if ¢:

M — M’ is a G-map (resp. diffeomorphism, homotopy equivalence, vector
bundle map) then

<1>|MH:MH—>M’H

is a G-map (resp. etc.).

Now suppose that fis a differentiable G-function on M satisfying (C;). Then
V/fyn © TH(M*) and the critical set of the restriction of f to M* is equal to
M" N K. Since M™ is closed the restriction of f to M ¥ also satisfies (C;;), and
the diffeomorphisms of Theorems A and B restrict to diffeomorphisms of the
same type on M7 If A is a nondegenerate critical G-submanifold of M, then
A" is a submanifold of 4 and N7~ (4") is a G-subbundle of N~(A4*) (the
restriction of N~(A4) to A¥).

Suppose now that 4 = A" and that 4 is connected mod G. Then N~(A4)
splits:

N=(4)=N""(4) ® N7~ (4)".

Let A and A, be the index of 4 in M (dimension of N ) and the index of 4 in
M* (dimension of N¥7). If N~ and N¥~* are G-orientable then Thom
isomorphism identifies the map

(*) HX(DN-, SN-) > H%(DN"~ ,SN"~)
induced by the bundle inclusion with the map
HE™NA4) » HE M (4)

given by muiltiplication with the Euler class x € Hi(A) of the bundle
(NH=(A) ) = Ag- If the latter bundle is self-completing then () is an
injection.
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3. Morse theorem for closed curves
3.1 Preliminaries. Let M be a compact Riemannian manifold. A =
H'[S', M] will be the space of H'! maps from S' = R/Z to M. The C* vector
bundle H'[S!, TM] - H'[S', M] is naturally identified with the tangent bun-
dle TA - A. If c € A is C, T(A) can be viewed as the space of H' vector
fields along ¢ (i.e. ¥(¢) € T, ,,M). We define a metric on T(A) by

<V,W>:j(;l<V(t),W(t)> dt+fol <%%> dr.

This metric has a unique extension to a Riemannian metric on TA. The energy
function is defined by

de |
7 dr.

10=3['\%

The group O(2) of isometries of the circle acts naturally on A leaving f
invariant. (For general facts about A and the proofs of the following theorems
see Anosov [2], Eliasson [21], Eells [19], Klingenberg [32].)

1. A= H'[S!, M] is a complete separable C* O(2)-Riemannian manifold.
M - H'[S', M]is a functor from the category of compact differentiable maps
to that of O(2)-manifolds, O(2)-invariant differentiable maps.

2. The energy function f is a C* O(2)-invariant map A — R. The critical
points of f are the closed geodesics on M. The energy function satisfies
condition (C) of Palais and Smale.

Note that O(2) X A - A is continuous but not differentiable; however if
¢ € A is C* then O(2) —» O(2) = ¢ is differentiable. Thus if ¢ is a geodesic,
0(2) © ¢ is a submanifold of A.

The space A of closed curves, together with the energy function f, is
appropriate for equivariant Morse theory with the group O(2). Thus one can
use the cohomology of A to predict critical points, i.e. closed geodeiscs.
However each geometrically distinct closed geodesic ¢ € A gives rise to an
infinite number of critical O(2)-orbits, corresponding to its mth iterates ¢"™(t)
= ¢(mt). In order to use Morse theory to predict closed geodesics we need to
get a hold on the index of these iterates. The main theorem in this direction is
due to Bott.

Let M be a compact Riemannian manifold. If ¢: §' > M is a closed
geodesic, then the index and nullity of ¢ are the index and nullity of the critical
manifold S' o ¢ C A.

Theorem [12). To each geodesic ¢ on M" is associated a matrix P €
Sp(n — 1). P in turn determines, up to an additive constant, a nonnegative
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integer valued function a(z) defined for |z{= 1. Let b(z) = Nullity(P — zI).
Then:
(1) The nullity of ¢ is Z,=_, b(2).

(1) If b(z) = 0, then a is constant at z; the absolute value of the jump of a at a
point z is bounded by b(z); a(z) = a(Z).

(iii) The index of ¢™ is given by

Ac™)y= Y a(z2).
M=

The matrix P is the (linear) Poincaré map given by the “normal part” of the
derivative of the symplectic diffeomorphism M — TM given by the geodesic
flow at the fixed point (c(0), dc(0)/dt) € TM. The geodesic c is called elliptic
if all eigenvalues of P lie on the unit circle and hyperbolic if none of the
eigenvalues has absolute value 1. Note that if ¢ is hyperbolic, then ¢ is
nondegenerate (i.e. nullity ¢ = 0) for all m, and A(¢™) = mA(c).

A closed curve has mudtiplicity m if it has stability group Z,, C SO2); a
prime curve is a curve of multiplicity 1.

3.2 “G-weak homotopy type” of A. Let C°[S!, M]be the continuous closed
curves on M with the usual sup norm. It is easy to see that a homotopy
equivalence M - M’ induces an O(2)-homotopy equivalence C°[S!, M] -
CO[S!, M’]. Let C*[S", M] carry the C*™ topology. The inclusions _

(+) Cc*[S!, M} - H'[S', M] - C°[S!, M]

are continuous; it follows from a fundamental theorem of Palais [41], [42] that
the maps (=) are homotopy equivalences. One would like to show that they are
in fact O(2)-homotopy equivalences. We will settle for the

Theorem. Let X = C®[S!, M] or H'[S', M] and Y = C°[S", M]. Let H
and G be subgroups of O(2), with H normal. If i: X — Y is the inclusion then

igi (Xg, XF) - (Y5, ¥&)

is a weak homotopy equivalence.

The theorem follows from the fact that, for each subgroup G, i: X - Yis a
G-map with the property of the following lemma, which may be thought of as
describing a “G-weak homotopy equivalence.”

Lemma. Let h: (K, A) = (Y, i( X)) be a continuous map of a pair of compact
sets into Y so that h |, lifts to a continuous map into X. Then there is a homotopy
hi: (X, A) ~ (Y, i(X))so that hy = h, and:

() A, lifts to a (continuous) homotopy.
(ii) A, lifts to a continuous map K - X.
(iii) ho(X) = gho(y) = h(x) = gh{y) forx, y EK, g € G.
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Assume the lemma, let 7: $” — Y, be given. Triangulate S” so that the
restriction of 7 to each simplex has a continuous lift to a map (&, w,):
A;—> Y X Eg. Putting K= U ... A; and k|, = &; by (iii), the homotopy
H,~=(h,,w): UA, > Y X E; descends to a homotopy from 7 to a map with a
continuous lift 7': §" - X,.

G G
(h,wi) J J
Vs, ——— 7, X,
\\\\ //7
e

Thus 7,(X;) - m,(Y;) is surjective. The same argument with 7: (D", §") -
(Y5, i( Xg)) shows that 7,( X;) — 7,(Y) is injective.

Proof of Lemma. We use a smoothing argument. Let " C M" be an open
set with local chart §: V> B,, C R™. Let (¢, ¢') be a C* partition of unity on
R" with ¢ =1 on B, and ¢’ = 1 on R* — B, . {e;} will denote an orthonormal
basis of R” and for x € R", x/ will be the jth coordinate. Let u: R > R be a
nonnegative even C* function with support in [-1, 1] and [% u(z) dr = 1. Put
u(t) = +u(t). For v R—> R" we define Uy: R->R" by Uy =
2eurl(¢e v)Y’] (convolution product). Then there is a § > 0 so that for
c€Imh K- Yands € (0,8],

(i) U( o c)is C= fort € (Y o ¢)"'(B,,).

(ii) U o ¢) = 0 for 1 & (Y o ¢) (By,).

(iii)

lim  Sup [Ufyec)(t) —p(¥oc)yoc(r) =0

70 te(W o ) 'By,
cEIm A

(see e.g. [22]). Thus for s € (0,8)and c € Im &
(*) YUY o) +¢'(doc)(Poc))

provides an approximation for the restriction of ¢ to (¥ ° ¢)"(B,,)) which is
C= for t € (Y o ¢)”'(B,). By (ii) the approximation extends (by the identity) to
an approximation W,(c) for all ¢. (Note that (ii) depends on the fact that K is
compact.) Moreover if k|, gives a continuous map 4 — X, then the maps
KX {1} - X,A XI—> Xby(x,s) —> W, o h(x) are continuous.
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We can find a finite number of sets ¥; C M so that M C U._, ¢7'(B, ;).
Write W/(c) for the (extended) approximation (*) corresponding to the set V.
For sufficiently small § > 0 the homotopy K X I — Y given by

h(x) = Weyo W -+ o Wilh(x)

will have the desired properties. This homotopy is naturally G-invariant since
all choices were made on the “source” manifold M.

4. Examples: Simply connected compact rank 1 symmetric spaces

4.1 Preliminaries. A standard computation in Morse theory gives H*(A) if
MisaS.C. CROSS, ie, M = S",CP", HP" or CaP?. We refer to Besse [7] for
general facts about such spaces.

The standard metric on M is normalized so that the maximal sectional
curvature is 1. Then all geodesics are closed and of length 2#; the Poincaré
map is the identity and the critical set of the energy function on A consists of
the critical manifolds 4,, of geodesics of length 27m, m = 0. We have 4, = M
and 4, = STM, the unit tangent bundle, for m = 1.

Let a=n,2,4 or 8 (M=S",CP*",HP" CaP?) and let r = dim M/a
(=1, n,n, n). Then

H¥(M) =Z[ul/u""' =0,
a truncated polynomial ring on one generator in dima. If x € M and V|, €
T,M is a unit vector, then (see [7], [47]) there is an orthonormal basis
V,l1<i<r, 1<j<a}for T, M so that:
(1) the V; span (by exp) a projective line of M, i.e., a totally geodesic
a-sphere of constant curvature 1,
(i) ¥,;and V;;, i # 1, span a totally geodesic R P? of constant curvature %.

Note that the projective line of (i) is uniquely determined by ¥,. It is easy to
see by counting zeros of Jacobi fields that A4, (m > 0) is a nondegenerate
critical manifold of index

MA,) = @m—1)(a—1)+ (m—1)(r - Da.

The negative bundle N *(A4,,) is orientable.

The relative cycles of H,(A) can be completed by the method of Bott and
Samelson [15]: To complete the negative bundle over 4,, we let B,, C A be the
set of curves ¢ having

{c li/2mj+n/2m @ geodesic of length 7,

c lwm,(j +1)/m] lies in a projective line as in (i).
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Let ¢: A - A be the flow along -vf. Then for t>0, B, =¢,B,, is a
completing manifold for the bundle N~(A4). (Note a point in B, — A,, has
“corners”.) Thus the energy function is perfect for ordinary cohomology on A.
We have -

P HIMAISTM|.
m=1

Remark. The completing manifold B,, is not O(2)-invariant. This is re-
flected in the fact that the energy function is not perfect for Hg,,); see the
remark at the end of the next section. B,, is invariant under the dihedral
subgroup H C O(2), although it is not an H-completing manifold. This will be
used in §4.3.

4.2 Hpo(A, A% Q) for M a s.c. CROSS. Now let G = SO(2). We com-
pute the rational Poincaré polynomial P (A, A% Q, ¢). Over Q, Hi(4,,) =
H}(A) where A = A4, (see Lemma 1, §6.1). A spectral sequence calculation for
the fibrations 4 - M, 4 - G\ 4 yields the Poincaré polynomials of the
critical manifolds:

HI(A) = HI(M) ®

M PO(A’Q’ t) PG(AaQr t) A(Am)

s, I+ 2 i 2m = 1)(n — 1
neven ! 1—1¢2 @m Kn )
s, "l " (- Ha+eh Yo —
odd I+ "Y1+ P Cm—1}n—1)

(l _ ta")(l + tun+a—l) (] _ tan)(l — tan+a)
L= (1= (1 —1?)
The energy function is G-perfect for rational coefficients on (A, A°) since the
Morse polynomial is lacunary, i.e. all cohomology is in either even or odd
dimensions. Thus the Poincaré polynomial is given by 2, t“mP(4; Q, t):

r>1 a—1+(m— N na+a—2)

M P(A, A% Q, 1)

S"’ tn—] 1 N t2n——2
n even 1 — t2 1— t2n‘—2
Ss” -1 1 !

» n —+
n odd ! [1_,2 1_,,,-1]
cp” 1 L (1424 i)
—t

n af 1 2 4 4n—4
HP" ¢ + — (1 + 4+ )

1 22
4t
1—122 1 —¢?

CaP? 17{ ](1 + %)
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Remark. The energy function is not perfect for G-cohomology on A for the
standard metric on S2"*! if we do not mod out by the point curves A°. One
can detect some nonzero boundary maps by computing the rational cohomol-
ogy of A by Haefliger’s method (§1.6). We have

1 12
+ .
—_ 12 1 — 12"

But the Morse polynomial is given by P;(A% Q, ) + Pg(A, A% Q, ) so that

P(;(A,Q, t) = 1

1+ t2n+l t2n t4n
MAM; [,Q,t) = + .
o(M; £,Q, 1) 1—¢2 1—¢2  1—g2n

The difference (M — P) is t2" (1 + 1) /(1 — ¢?). It follows that for x = yw’
€ HXA%) with y € H**(§*"*!) and w € H*(BG) nonzero and j =0,
dx € HE*'(A, A%) is nonzero.

In particular HZ(A, A% Q) is not a torsion H*(BG)-module, giving an
example of the failure of the localization theorem [10] in the noncompact case.

4.3 Hy»*(A, A% Z,) for M a s.c. CROSS. Next we compute the mod 2
series Po(A, A% Z,, t) for G the full orthogonal group O(2). We find the
polynomials Pg(A,,; Z,, t) and show that the energy function is again perfect.
While the negative bundles N °(4,,) are not in general orientable they are, of
course, orientable mod 2. All coefficients will be mod 2.

The computation of P;(A4,,; t) breaks down to two cases, depending on the
parity of m. For the applications we will be particularly interested in the first
part of the

Lemma. (i) If m is odd then HY(A,;Z,) is generated over H*(BG) by
powers u%, 2k <r, of a class u, which is the restriction to H%(A,,) of a global
class uy, € HX(A).

(i) For m odd

(1 =H( - rer)(1 — gerte)
Po( Ay, t) = (1 =) =) —r?*)

(iii) When m is even HX(A,,) is generated over HE(A) by a class u, € HG(A,,).
(iv) For m even

(1 — tar)(l _ tar+a)
(1—0)1 =) (1 —12)’

Proof. Put A = A,,. First suppose that m is odd but r is even, so that M has
even Euler characteristic. Then

H*(A) = Z,[u] ® A(x)/u" =0,

PG(Am’ t) =
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with dim ¥ = g and dim x = ar + a — 1. When m is odd the map (A4); — G\ 4
induces an isomorphism in mod 2 cohomology. Consider the spectral sequence
for A, — BG. Since G\ 4 is a (2ar — 2)-dimensional manifold, and since
Rank H*(BG) grows linearly, we must have 0 % d“"'u € H*"'(BG). Let
I C H¥(BG) be the ideal generated by d“*'u. The E°*2-term of the spectral
sequence looks like:

B
A

Section A consists of rows 0 through ar — 1 and is generated over Z, by
u?*H*(BG)/I with 0 < k < (r — 2)/2; section B is rows ar through 2ar — 1
and is generated by the xu?*H*(BG)/I. Now all differentials of the term u? in
A must vanish since the transgression of a square is zero. To show that all
terms in B must have nonzero differentials it is sufficient to see that if so, then
the polynomial P;(A, T) we obtain is consistent with Poincaré duality, i.e.

t27=2P(1/t) = P(t). But this polynomial is easily seen to be the product of
three Poincaré duality polynomials. Thus H *(A) is generated over H*(BG) by
classes u% which restrict in H*(A) to the u?

When r is odd we have

H*(A) =Z,[u] ® A(x)/u"*'=0
with dimu = @ and dim x = ar — 1. The spectral sequence is more com-
plicated since it may be that d%x ¥ 0. However the previous argument still
goes through.

Note that for spheres S”, by uniqueness of the classifying map the canonical
map 7,: (4,); — BG is homotopy equivalent to the inclusion
G(2,n+ 1) - G(2, ).
To complete the proof of the first half of the lemma we must show that the
classes us & H(A) are restrictions of classes in H(A). First note that u, is
characterized by the fact that its image in H*(A) is the square of the pullback

under the “evaluation map” of a generator u of H*(M). Next take a class in
HE(A®) = H%(M X BG) whose image in H*(A®) = H*(M) is u, and square it:

M=A° A 4
! | |
A% AG AG

Since this class is a square it is the restriction to H2%(A%) of a classy € H2%(A).
The map H2(A) - H*(A®) factors through H*(A). Since H?°(A) has only
one generator over Z,, the image of y in H*(A) must be equal to e*(u?), where
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e: A — A is the evaluation map. But then the restriction of y to 4 is equal to
e*u?, since e: A - A is the composition of e: A — A’ with the inclusion
A - A.

Now let m be even. Let H C O(2) be the dihedral subgroup Z, X Z,,
Z,=H,= HN SOQ), and let H = H/H,. Then H*(BH) = Z,[v,, v,] with
dimv, = 1, H*(BG) - H*(BH) by w; - v, + vy, w, —» v,v, and H*(BH) —
H(*BH,) = Z[v] by v; - v. Mod 2 the subgroup H “captures” all the G-action
in the sense that H%(A) = H}(A), since Ay — A is trivial mod 2.

Commutativity of

H*(BH)—— HX(A4)

H*(BG)—— H%(A)
gives H}(A) = Hx(A)[v,]/v] + wiv, + w, =0, where w, and w, are identi-
fied with their images in H%(A). When m is even H;, acts trivially on 4 and
Hj(A) = H},(A) @ H*(BH,).
We view HX(A) as a subalgebra of the ring on the right.
We determine Py (4; Z,, t) using the fibration:

RP—HN\A = Ay

M
The fibration is cohomologically trivial for a > 2 since H¥(RP* ') is gener-
ated by a class in dim1; using commutativity of the fibration with the
inclusions $2 — $3, §2 - CP” we see that it is in fact always trivial, and
(1 — tar) (1 _ ta(r+1))

PH,(A;ZZ’t): 1 —1¢ ] — 14

Next consider the fibration:

A—> AH,

|

BH,

We have H*(A) = Z,[u] ® A(x)/u®* =0 where s = r (r + 1) if M has even
(0odd) Euler characteristic, and dim x = 2r — s + 1)a — 1. Since H*(M) =
H*(Ap,) all differentials of the entry « in the E 2-term of the spectral sequence
must vanish. If we assume that all terms in the spectral sequence containing a
factor of x have some nonzero differential we obtain the correct polynomial.
Thus the assumption is justified; HE(A) is generated over H*(BG) by classes
uk € HE*(A), 1 < k <s. The image of u, in H*(A) is the pull back under the
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evaluation map of a generator u of H*(M). As before u] is the image of a class
in H3%(A). gqed.

Finally we show that the energy function is G-perfect mod 2 for (A, A%). Let
a,, = f(A,,) + e Recall that the energy function is perfect for ordinary
cohomology on A. Thus the right-hand vertical arrow in the following diagram
is an injection: :

HMAD(Adm | A%n-1) —>  HMAD( A% A%n-1)

| l

HGA(AM)(AHM) SN H’\(Am)(Aﬂm)

(Each group in the upper row has one generator over Z,, corresponding to the
Thom class of the negative bundle over 4,,.) Commutativity implies that the
left vertical arrow is an injection.

Let x € HE(A'™, A"-"), m>1. We want to show that the boundary
dx € HXYY(A, A°r) is zero. But HE(A%, A°n-1) = H: M4 4, ) is generated
over H*(BG){u%} C HZ(A) by classes in dim < A(4,,) + a. It is sufficient to
show that the boundaries of these generating classes are zero. But HX(A, A®~)
=0 in dim <A(4,,,,). Since by the above diagram the lowest dimension of
HE(A, A°) cannot be killed we are done when A(A4,,.,) > A(4,,) + a, ie.
ra>2or M # S~

For $? we work a little harder. Since H¥(A%», A1) is generated over
HE(A) by a single class in dim A(4,,) =2m — 1 when m is odd, and by
classes in dim2m — 1, 2m <+ 1 when m is even, it is sufficient to show that
HY(A, A*n=1) — HE(A, A%) is injective for m odd. Let m be odd. Since
HE(A%, Aoty - HE(A%r, A1) is injective for the dihedral subgroup H C G
it is enough to show HE(A%», A®1) — H%( A, A°) is injective.

Now the completing manifold constructed by the method of Bott-Samelson
is invariant under H. But B, does not fiber over 4,, as an H-manifold; B,
contains points with stability group H, C H while H acts freely on 4,,. Thus it
is not clear (in fact it is false for m = 1) that H}(B,,, Bi»*) - H}(B,,) is
injective. However, B,, does “complete” 4,, “down to A°”: Let BY C B,, be the
fixed point set of H,. Then H acts freely on B,, — BS; H}%(B,,, B~ %) —»
H}(B,,, B2) is injective in the top dimension because H B,, — B? is a mani-
fold. But

H*(A,,) =Z,[w,,v,]/w} =0,0} +ow, + ow?=0
is generated by classes from H¥(B,,); by Poincare duality we have injectivity
of H%(B,,, B2»"%) -» H%(B,,, BY). Since no nontrivial geodesic is fixed by H,,
by pushing B, down by —vf we can assume f(B2) C [0, £], so that f is a
G-perfect on (A, A°).
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Remark. The energy function is not G-perfect (or H-perfect) on A for
M = S* Let x be a nonzero class in Hy(A%, A%). The image of x in
Hy(G\ A", G\ A°) is represented by the set of “circles” on S?, i.. intersections
of % with 2-planes in R?. So 9x € H,(G\ A°)is a generator of H,(S?).

The Poincare series for (A, A°) is given by 3 1M“4=)P,,(A4,,; Z,, r). We have

Pooy( A, A% Z,, 1)
_ [a_l(l _ tar)(l _ tar+a)[1 _ ta+1 + tra+a—2(1 + ta)] .
(1 . [)(1 _ 12)(1 _ tZa)(l _ tZ(ra+a—2))
For M = S" this reduces to
tn~l(1 - t")[l _ tn+] + thvZ(l + [")]

(1 =)0 =21 — %%

5. Existence of short closed geodesics on s.c. CROSS’s

A circle on S” is the intersection of S” with a 2-plane in R**'. A circle on M,
for M, = CP",HP" or CaP? is a circle on some isometrically embedded
S C M,. Put A =ar/n. Let g(A, n) be the cuplength of the space of great
circles on M,.

Theorem. Let M be a compact Riemannian manifold with the property that
every geodesic loop on M has length = 2qr. For M, = S",CP", HP" or CaP? let
a: M, - M be a differentiable homotopy equivalence with the property that the
image under « of any circle on M, has length < 4a. Then M has g(A, n) closed
geodesics without self-intersection of length < 4. If all geodesics on M are
nondegenerate then there are a(a + Dr(r + 1)/4 closed geodesics with the same
property.

Remarks. Alber [1] has computed the cuplength g(1, n) of G(2, n + 1); it is
given by

g(1,n) =n+ 28— 1, where2k<n <2kl
Klingenberg [31] has computed g(A, n) forn > 1;
g(A,n)=2An—(2A—1)s— 1, where0<s=n—2%<2~

By a theorem of Klingenberg [18] the hypothesis on the length of loops will
be satisfied if the sectional curvature satisfies 1= K > 1 or, in the even
dimensional case,] = K > 0.

Using the space of “biangles” and a new proof of the sphere theorem,

Ballman, Thorbergsson and Ziller [5] have proved the same result for spheres
with only the assumption that { < K < 1.
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Proof. All coefficients will be mod2. The map a: M, » M induces an
isomorphism Hy *(AM,, A°M,) —>H0(2)*(AM A°M). Now

Hoa)*(Az’r M, AOMs) = Hop)* ~A(A1)(Al)

has a(a + Dr(r + 1)/4 linearly independent classes, g(A, n) of which are
pairwise subordinated by means of classes wiwju% € Ho(z) (AM ). We will
show that the images of these classes can be represented in (AS™ ~¢M, A°M).
These classes then correspond by the minimax construction to closed geodesics
of energy < 4. Such a geodesic ¢ has trivial stability group by hypothesis, so
that Hy;,*(0(2) ° ¢) = Z,. The theorem then follows from §2.4.

Let A C AM, be the space of great circles, and let m: C - A4 be the
O(2)-bundle of parametrized circles “parallel” to a great circle in 4. If c € 4
then (77'(c), #7'(c) N 3C) = (A M,, A°M,) represents the Thom class of the
negative bundle over 4 in H, ,,(AM,, A%). (It is enough that C has the correct
dimension and that f <272 on C — 4.) Now let x € C «(Ao)) Tepresent a
class of Hp;*(A4). The corresponding class in Hp )™ 4 a4,(AM,, A®) is repre-
sented by 7505(x). By hypothesis a,(75()%) € Hpmy* saa, (AM, A°M) lies in
the homotopy quotient of the curves of length < 47 — ¢ for some € > (.

By the Schwartz inequality the energy and length of a closed curve are
related by f(c) = 1(I(¢))?; we have equality if and only if c is parametrized
proportional to arc length. To complete the proof we give an O(2)-deformation
of the C* map a: (C, 3C) — (AM, A°) so that the image of C lies in A*™ ~eM
This is done by pushing ac down along the gradient of the restriction of the
energy function to the “reparametrizations” of ac.

A C* map y: §' = M induces a C* function £, on H'[S', S'] by f(w) =
f(y o @). Let 9(7): R* - H'[S', S'] be the flow along — V£, with initial value
the identity map S' — S'. We get a continuous map

®: (CXR*,3CXRT) > (AM,A") by®,(c)=ace¢(ac).

Since C is compact we can find k > 0 so that /(ac) <k = f(ac) <87 — ¢
for ¢ € C, and K so that f(ac) < K for ¢ € C. Consider the immersions v:
S! - M with I(y) € [«,47 — €] and f(y) < K. Since the energy function on
H'[S!, S"] satisfies condition (C) there is a T € R* so that for such 7,
f( ° () < 872 — ¢. But the immersions are dense in AM (dim M = 2) so
that @, gives the desired deformation.

6. Hyperbolic case for s.c. rational CROSS’s

6.1 ‘“‘Localization” theorem for manifolds with all geodesics hyperbolic.
Let M be a compact Riemannian manifold, all of whose closed geodesics are
hyperbolic. Let p > 2 be prime; &k a multiple of p.
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Theorem. Suppose H§0(2)(AB, A% Z,) contains a class which is annihilated
by some nonzero element of H*( BSO(2); Z,). Then AP contains a closed geodesic
of index k whose multiplicity is prime to p.

Corollary. If M has only finitely many closed geodesics, then for p sufficiently
large multiplication with H*( BSO(2); Z,,) is injective on Hé‘o(z)(A, AY; Z,).

The corollary follows from the theorem by Bott’s formula (§3.1) if we take p
greater than the index of each prime closed geodesic.

The idea is this: We put G = SO(2). If we work mod p then a geodesic ¢
whose multiplicity m is divisible by p has

H(G o c) ~ H*(BZ,) =~ Z,[x,] ® A(x)),

a free H*(BG;Z,)-module. If the multiplicity of ¢ is prime to p then G o ¢
looks like a point in G-cohomology mod p. In the hyperbolic case with only
finitely many closed geodesics, by Bott’s formula for large primes p any
G-cohomology which appears in a dimension divisible by p must “come from”
a geodesic whose multiplicity is divisible by p and will generate a free
H*(BG; Z,)-module in HE(A, A®). However, for example, for a sphere S”
with the standard metric closed geodesics with multiplicity divisible by p
appear only with index = (2p — 1)(n — 1) and the module structure of
HE(A, A%) provides a contradiction to the hypotheses of the Corollary.

Proof of Theorem. Let G = SO(2) and let M be a compact Riemannian
manifold. For m € Z" let i,: A,, —» A be the inclusion of the fixed point set
of Z,, C Gin A. By §2.5 A, is a closed submanifold; the critical set of the
restriction of the energy function f to A, is the set of closed geodesics whose
multiplicity is divisible by m.

Let A - Abyc — ¢”, where ¢™(¢) = c(mt). This is an embedding of A onto
A,; A, is given as a G-manifold by A and by the homomorphism v,;: G - G
by g = g™. Since f(c™) = m?f(c), the index of ¢™ in A, is equal to the index
of cin A.

Let I, BG — BG be the map induced by v, and wr1te X, for the
G-manifold given by X and v,,. Recall that H*(BG; Z) ~ Z[w); T*: H*(BG; Z)
— H?*(BG;Z) is multiplication by m. Pulling back the spectral sequence for
X; — BG by I} we have the first part of

Lemma 1. Let p be prime.

() Tk HY(X,Z,) » HE(X,,; Z,) is an isomorphism if (p, m) = 1.

(ii) If p divides m then Hi(X,,; Z,) = H*(BG; L,){H*(X;Z,)}; in particular
HE(X,;Z,) is a free H*(BG; L,)-module.

The second part comes from looking at the pullback of spectral sequences
induced by the inclusion Z,, - G since (X,,)z = X X BZ,,.
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Note that we have two maps i,,, I,,;: A, — Ag. The first is the identity on
the base BG and “multiplication by m” on the fiber, ie. i,: A, — A. The
second is the identity A — A on the fiber and “multiplication by m”, i.e., I,
on the base.

Let p > 2 be prime and let ¢ € A, be a nondegenerate geodesic of multi-
plicity m, index A. The action of Z,, on the negative bundle over the orbit G © ¢
of ¢ gives a splitting

N-(Goc)=N; ® Ny,
where N is the negative bundle at ¢ in A, ie. the subspace on which
Z,CZ, acts as the identity and N, is a sum of 2-dimensional subspaces
corresponding to representations with eigenvalues e ='® where e’® is an mth
root of unity with e’®™/? # 1. Note that N, is orientable if and only if N~ is.
Let DN~ and SN~ be the unit disk and sphere bundles; let A , be the index of ¢
mA,.

Lemma 2. If N~ is orientable then H;(DN~, SN™;Z ) = H: N BZ,; Z,)
is a free H*(BG; L, )-module on generators in dim A, A + 1; HX(DN,, SN, Z )
is a free H*( BG; L ,)-module on generators indim A ,, A, + 1 and

i*: H{(DN~,SN~;Z,) - H5(DN, , SN, ;Z,)
is an injection.

Proof. The lemma follows from the Thom isomorphism and §§1.6, 2.3, 2.5:
the bundle N; is self-completing mod p since the Euler class of N, — BZ,, is
[I,am/27 times a generator of H** %)X BZ )~ Z, and since a = 27j/m
withj/p & Z.

Lemma 3. Let p > 2 be prime. Suppose (a, B contains one critical value. If
all geodesics on M are nondegenerate, and if all geodesics ¢ of index k with
a < f(c) < B have multiplicity divisible by p, then

it HE(AP, A% Z,) - HE(AS, A% Z,)
is injective.

Proof. By Theorem B in §2.1, A? is G-diffeomorphic to A* with a handle
bundle disjointly attached for each critical orbit in A — A% By §2.5 this
diffeomorphism restricts to a diffeomorphism of the same type on A‘;. So we
can assume that A? — A® intersects the critical set K of f in the G-orbit of a
single closed geodesic of index A and multiplicity m. In the unorientable case

¢(DN™, SN~ Z,) = 0 for p # 2 (§1.6). In the orientable case if (p, m) = 1
then by hypothesis A # k. So

HE(A?, A% Z,) = H*(BZ,;Z,) = 0.

If p divides m, i is injective by Lemma 2.
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Proposition. Suppose all geodesics on' M are hyperbolic. Let p be prime; k a
multiple of p. If all geodesics of index k in AP have multiplicity divisible by p,
then i*: HS(AP, A Z,) > HE(AS, A% Z,) is injective for all a« € R.

Proof. From now on we assume Z, coefficients. For this extension of
Lemma 3 we shall need

Lemma 4. Suppose all geodesics on M are hyperbolic and that (6, 7] contains
one critical value. Let w be a generator of H*( BG).

() If x € H{(N,, AS,) is in the image of iXHL(A', A°) then x is of the form
x=xwfori<j(p—1)/2p.

(i) If x € H{(N,, AS,) then xw' is in the image of i% for i = j(p — 1)/2.

Lemma 4 follows from Lemma 2 and the fact that A(c?) = pA(c¢).

The proposition is proved by induction, up on 8 and down on a. First it is
true when 8 = 0 or, by Lemma 3, when (e, 8] contains one critical value. Let
¥ be such that («, y] contains one critical value. We assume

(A) i* is injective on H5(A", A%), 7 < 8,6 ER.

(B) i is injective on H5(A*, AY).

Note that by hypothesis all geodesics are hyperbolic and thus nondegener-
ate, so that the critical values of f are isolated.

Suppose 0 # x € HE(AP, A*) and ixx = 0. By (A) x comes from a class
x, € HX( AP, A7) where (7, 8] contains one critical value. Let x, be the image
of x, in HE(A®, A*) and put x, = iyx,. By Lemma 4(i) and Lemma 3

0% %, = ywP~ /2 € HE(AE, A7)
Then also
= _ = — 1)k
0% X, = gwP /2 € HE( AL, AY).

Here X, 0 by (B). Now i}x = X, =0 implies x, > 0 in Hé(A‘;, A%);
thus by Lemma I(i) y, -~ 0 in HEP(A% A%). So there is a o €
H*/P7Y(AY, A%) with 35 = 7,. By Lemma 4(ii) there exists u € H5 ™ '(AY, A%)
with

tu = ow(F~Dk/2p,
Consider 0u € HE(A*, AY). By commutativity i»(0u) = x,. But then by (B)
du = x so that 0 = x, = x, a contradiction. g.e.d.

The theorem follows immediately by Lemma 1(ii).

6.2 Simply connected rational CROSS’s. The goal of this section is the

Theorem. Let M be a simply connected Riemannian manifold with the
rational homotopy type of a compact rank 1 symmetric space. Suppose all
geodesics on M are hyperbolic. Let n(l) be the number of prime closed geodesics
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on M of length < I. Then

log(/)
/

lim inf n(/) > 0.

The theorem will follow from the

Lemma. Let M_ be a simply connected CROSS with standard metric. There
exists an integer b so that, for each prime p > x(M), there is a nonzero class
x, € HX(A, A% Z,) for some positive multiple k < bp of p so that:

(1) x, is annihilated by some nonzero class in H*( BG).

(ii) x, » 0 in HE(A*™ 7", A% Z).

Assume the lemma. Using obstruction theory one can find a differentiable
map a: M, - M inducing rational homotopy equivalence. This follows from a
theorem of Sullivan (Inst. Hautes Etudes Sci. Publ. Math. no. 47) since the
spaces are formal. One can also give a “direct” proof. Then for some ¥k € R,
a( A°M,) C A*“M for all a. For large primes p we will have an isomorphism
H*(M;Z,) > H*(M;;Z,) and an isomorphism of H*(BG)-modules

HE(AM, A°M;Z,) > HE(AM,, A°M,;Z,).

For each such prime the lemma and the theorem of §6.1 give a geodesic of
length < 2wpyk and index k whose multiplicity is prime to p. By Bott’s
formula the multiplicity of such a geodesic is < b and the theorem is proved.

It remains to prove the lemma. By Lemma 1(i) of §6.1, the Poincaré
polynomial of §4.2 gives Po(A, A% Z,, 1) accurate to order *“») if p does not
divide the Euler characteristic of M. Since A(A4,,) =a + b(m — 1) witha — b
Z (0 and a = O0mod p for large p, p will divide A(4,,) forsome2<m <p — I.
Let k = A(4,,). Then p < k < bp, and H¥(A, A% Z,) > HX(A"7", A% Z,) is
injective.

When M, # S, CP", it is easy to see from the table that
Rank HA(A, A% Z,) > Rank HEV(A, A% Z).

When M, = §° or CP", Rank H{(A, A% Z,) = Rank H/ *(A, A% Z,) for
A(4,) <j<A(4,) — 1. Since the energy function is perfect for H*(A;Z,),
the map

i*: HY(A, A% Z,) » HNA Z,)
is nonzero for A = A(4,,,,); the Thom class of the negative bundle over

(A4,,+1)c pulls back to the Thom class for 4,, ;. But since A is the fiber of
A — BG, i* =0 on classes of the form x - w. It follows that the kernel of

U w4 2 HE(A, A% Z,) > HY A (A, A% Z,)

is nonzero and the lemma is proved.



(1]
(2]
(3]
(4]
(3]
(6]
(7]
(8]
19
(10]

{1
2]

(13]
[14]
[15]
(16]
{7
[18]
[19]
(20]
(21]
(22)
(23]
[24]
(25]
{26]
[27]

(28]

EQUIVARIANT MORSE THEORY 115

References

S. 1. Alber, On periodicity problems in the calculus of variations in the large, Amer. Math. Soc.
Transl. (2) 14 (1960) 107-172.

D. V. Anosov, Some homotopies in spaces of closed curves, Izv. Akad. Nauk SSSR Ser. Mat.
44 (1980) 1219-1254. (Russian)

M. Atiyah & R. Bott, On the Yang-Mills equations over Riemann surfaces, to appear.

W. Ballmann, Der Satz von Lusternik-Schnirelmann, Bonner Math. Schriften 102 (1978).

W. Ballmann, G. Thorbergsson & W. Ziller, On the existence of short closed geodesics and
their stability properties, Preprint, University of Pennsylvania, 1980.

, Closed geodesics on positively curved manifolds. 11, to appear.

A. Besse, Manifolds all of whose geodesics are closed, Springer, Berlin, 1978.

G. D. Birkhoff, Dynamical Systems, Amer. Math. Soc. Collog. Publ., No. 9, Amer. Math.
Soc., Providence, RI, 1927.

S. Bochner & D. Montgomery, Groups of differentiable and real or complex analytic transfor-
mations, Ann. of Math. 46 (1945) 685-694.

A. Borel, et al., Seminar on transformation groups, Princeton, NJ, Annals of Math. Studies,
No. 46, Princeton University Press, Princeton, 1961.

R. Bott, Non-degenerate critical manifolds, Ann. of Math. 60 (1954) 284-261.

, On the iteration of closed geodesics and the Sturm intersection theory, Comm. Pure
Appl. Math. 9 (1956) 171-206.

R. Bott, et. al., Gel’ fand-Fuks cohomology and foliation. Proc. 11th Ann. Holiday Sympos.
New Mexico State University, Las Cruces, 1973.

R. Bott, On some formulas for the characteristic classes of group-actions, Harvard University
Lecture Notes, 1974,

R. Bott & H. Samelson, Applications of the theory of Morse to symmetric spaces, Amer. J.
Math. 80 (1958) 964-1029.

N. Bourbaki, General topology (transl.), Addison-Wesley, Reading, MA, 1966.

H. Cartan & S. Eilenberg, Homological algebra, Princeton University Press, Princeton, 1956.

J. Cheeger & D. Ebin, Comparison theorems in Riemannian geometry, North-Holland,
Amsterdam, 1975,

J. Eells, On the geometry of function spaces, Sympos. Internac. Topologia Algebrica, Mexico,
1958, 303-308.

H. Eliasson, On the geometry of manifolds of maps, J. Differential Geometry 1 (1967)
165-194.

, Morse theory for closed curves, Sympos. Infinite Dimensional Topology, Annals
Math. Studies, No. 69, Princeton University Press, Princeton, 63-77.

A. Friedman, Partial differential equations of parabolic type, Prentice-Hall, Englewood Cliffs,
1964.

M. Gromov, Homotopical effects of dilation, J. Differential Geometry 13 (1978) 303-310.

A. L Gruntal, The existence of convex spherical metrics all of whose closed geodesics without
self-intersection are hyperbolic, Izv. Akad. Nauk SSSR Ser. Mat. 43 (1979) 3-18; English
transl.; Math. USSR-Izv. 14 (1980) 3-18.

D. Gromoll & W. Meyer, On differential functions with isolated critical points, Topology 8
(1969) 361-369.

, Periodic geodesics on compact Riemannian manifolds, J. Differential Geometry 3
(1969) 493-510.

Haefliger, On the Gelfand-Fuchs cohomology, Topology and Algebra, Proc. Collog. in Honor
of B. Eckmann, Enseignement Math., Université de Geneve, 1978.

N. Hingston, Equivariant Morse theory and closed geodesics thesis, Harvard University, 1981,




116

(29]

(30]
(31]
(32]
(33]

[34]
(35]

[36]

37
(38]

(391
(401
[41]
(42]
[43]
[44]
[43]
(46]

{47
(48]

N. HINGSTON

W. Y. Hsiang, Cohomology theory of topological transformation groups. Springer, New York,

1975.

D. H. Husemoller, Fiber bundles, McGraw-Hill, New York, 1966.
W. Klingenberg, Closed geodesics. Ann. of Math. 89 (1969) 68-91.
, Lectures on closed geodesics, Springer, Berlin, 1978.
L. Lusternik & L. Schnirelmann, Sur le probleme de trois géodésiques fermées sur les surfaces
de genrs 0, C.R. Acad. Sci. Paris 189 (1929) 269-271.
J. Milnor, Construction of universal bundles 1, I1, Ann. of Math. 63 (1956) 272-284, 430-436.

357-362.

, The geometric realization of a semi-simplicial complex, Ann. of Math. 65 (1957)

W. Meyer, Kritische Mannigfaltigkeiten in Hilbermannigfaltigkeiten, Math. Ann. 170 (1967)

45-66.

M. Morse, The calculus of variations in the large, Amer. Math. Soc., Providence, RI, 1934.

J. Moser, Proof of a generalized form of a fixed point theorem due to G. D. Birkhoff, Lecture
Notes in Math., Vol. 597, Springer, Berlin and New York, 1977, 464-494.

R. Palais, On the existence of slices for actions of noncompact Lie groups, Ann. of Math. 73

(1961) 295-323.

, Morse theory on Hilbert manifolds, Topology 2 (1963) 299-340.

, Homotopy theory of infinite dimensional manifolds, Topology 5 (1966) 1-16.
, Foundations of global nonlinear analysis, Benjamin, New York, 1968.
H. Poincare, Sur les lignes géodésiques des surfaces convexes, Trans. Amer. Math. Soc. 6

(1905) 237-274.

G. Segal, Classifying spaces and spectral sequences, Inst. Hautes Etudes Sci. Publ. Math. No.

34 (1968) 105-112.

M. Vigué-Poirrier & D. Sullivan, The homology theory of the closed geodesic problem, J.

Differential Geometry 12 (1976) 633-644.

A. Wasserman, Equivariant differential topology, Topology 8 (1969) 127-150.
J. Wolf, Elliptic spaces in Grassmann manifolds, Illinois J. Math. 7 (1963) 447-462.
W. Ziller, Geschlossene Geodaetische auf global symmetrischen und homogenen Raeumen,

Bonner Math. Schriften 85 (1976).

UNIVERSITY OF PENNSYLVANIA





